Let R be a left-Gorenstein ring. We construct a Quillen equivalence between singular contraderived model category and singular coderived model category introduced by Becker [Adv. Math., (2014) 187-232]. As an application, we explicitly give an equivalence K ex (P) ≃ K ex (I) for the homotopy categories of exact complexes of projective and injective modules.
Introduction
The notion of recollement of triangulated categories was introduced by Beilinson, Bernstein and Deligne [2] with an idea that one category can be viewed as being "glued together" from two others. In [18] , Krause established a recollement K ex (I) / / K(I)
, where K(I) (resp. K ex (I)) is the homotopy category of complexes (resp. exact complexes) of injective modules, and D(R) is the derived category. Recently, Becker [1] found a Bousfield localization of model categories, and then he recovered Krause's recollement and got a dual one
Iyengar and Krause [17] proved that for a commutative noetherian ring R with a dualizing complex D, there is a triangle-equivalence D ⊗ R − : K(P) → K(I). Note that there are equivalences K c (P) ≃ D f (R) and K c (I) ≃ D f (R) between the subcategories of compact objects K c (P) and K c (I), and the derived category D f (R) of complex whose homology is bounded and finitely generated; see Jørgensen [10] and Krause [18] . Iyengar-Krause equivalence can also be considered as a generalization of Grothendieck duality. If R is left-Gorenstein [3] (i.e. a ring such that any left R-module has finite projective dimension if and only if it has finite injective dimension), Chen [6] established an equivalence K(P) ≃ K(I) via relative derived categories with respect to the so-called balanced pairs.
coderived model structure is denoted by M co sing = (Ch(R), ⊥ (ex I), ex I). Let X be any complex. We denote by Ω : Ch(R) → Mod(R) the functor given by Ω(X) = X 0 /Imd X 1 , and Θ : Ch(R) → Mod(R) the functor given by Θ(X) = Kerd X 0 . We define Λ : Mod(R) → Ch(R) to be a functor which sends every module to a stalk complex concentrated on degree zero. Theorem 1.1. Let R be a left-Gorenstein ring, F = ΛΩ and G = ΛΘ be functors on Ch(R). 
is defined on objects by first taking G, and then taking cofibrant replacement (= a special ex P-precover).
Question. More recently, Gillespie [13] established "Gorenstein version" of the aforementioned recollements, i.e.
, where GI and GP denote the class of Gorenstein injective and Gorenstein projective modules, respectively. If the underlying ring is left-Gorenstein, it follows from [6] 
Recently, we realize this equivalence in the framework of cotorsion triples [21] .
However, we do not know if it is true that K ex (GP) ≃ K ex (GI). We remark that one can not get an answer by simply restricting the equivalent functor K(GP) ≃ K(GI) in [6] , or by the methods in [21] .
The proof of the theorem
First, we recall some basic notations and facts, which are needed in the following. Throughout the paper, let R be a left-Gorenstein ring. All modules are left R-modules. A complex X means a sequence of modules · · · −→ X n+1
Let A be an abelian category with enough projectives and injectives. A pair of classes (X , Y) in A is a cotorsion pair provided that X = ⊥ Y and Y = X ⊥ , where
In this case, for any N ∈ X , Hom A (N, f ) :
The cotorsion pair (X , Y) is resolving if X is closed under taking kernels of epimorphisms between objects of X , i.e. for any short exact sequence 0 → X ′ → X → X ′′ → 0 with , an abelian model structure on A is equivalent to a triple (A c , A tri , A f ) of subcategories, for which A tri is thick and both (A c , A f ∩ A tri ) and (A c ∩ A tri , A f ) are complete cotorsion pairs. In this case, A c is the class of cofibrant objects, A tri is the class of trivial objects and A f is the class of fibrant objects. The model structure is called "abelian" since it is compatible with the abelian structure of the category in the following way: (trivial) cofibrations are monomorphisms with (trivially) cofibrant cokernel, (trivial) fibrations are epimorphisms with (trivially) fibrant kernel, and weak equivalences are morphisms which factor as a trivial cofibratin followed by a trivial fibration.
For convenience, we will use the triple (A c , A tri , A f ) to denote the corresponding model structure. The following is immediate from [1] For a bicomplete abelian category A with the model structure M = (A c , A tri , A f ), the associated homotopy category Ho(M) is constructed by formally inverting the weak equivalences, i.e. the localization with respect to weak equivalences. The homotopy category of an abelian model category is always a triangulated category. There is an equivalence of categories Ho(i) :
We use P (resp. I) to denote the subcategory of contractible complexes of projective (resp. injective) modules. It is well known that a complex P ∈ P if and only if P is exact and each Kerd P i is a projective module; similarly, complexes in I are characterized. Note that for any chain maps f and g, if g − f factors through a complex in P (or, a complex in I), then f is chain homotopic to g, denoted by f ∼ g. Since ex P ∩ (ex P) ⊥ = P and ex I ∩ ⊥ (ex I) = I, we have the following immediately; see [1] . Let F = ΛΩ and G = ΛΘ be functors on Ch(R), where Ω and Θ are functors from Ch(R) to Mod(R) such that for any X ∈ Ch(R), Ω(X) = X 0 /Imd X 1 and Θ(X) = Kerd X 0 . Let Λ : Mod(R) → Ch(R) be a functor which sends every module to a stalk complex concentrated on degree zero.
In the rest of the paper, we are devoted to prove the theorem stated in Introduction. The proof is divided into the following. Proof. We consider the following commutative diagram
Since f is a quasi-isomorphism, we have an isomorphism induced by f :
Since the chain map f is monic, then the induced map of modules X 0 /Kerd
Let X be a complex. By [12, Proposition 3.3] , X ∈ (ex P) ⊥ if each map f : P → X is null homotopic whenever P ∈ ex P; dually, X ∈ ⊥ (ex I) if each map f : X → I is null homotopic whenever I ∈ ex I Then, it suffices to show that F preserves cofibration and trivial cofibration. Let f : X → Y be a cofibration in M ctr sing , i.e. f is a monomorphism with Cokerf ∈ ex P. Then f is a quasiisomorphism, and by Lemma 2.3, Ω(f ) is monic. Then, we have an exact sequence
Since every complex is a cofibrant object in M co sing , this implies that F (f ) is a cofibration. Now suppose f : X → Y is a trivial cofibration in M ctr sing , i.e. f is a monomorphism with Cokerf ∈ ex P ∩ (ex P) ⊥ = P. Then we have an exact sequence
Note that Ω(Cokerf ) is a projective module. For any complex I ∈ ex I, it is easy to show that any chain map F (Cokerf ) = ΛΩ(Cokerf ) → I is null homotopic, and then F (Cokerf ) ∈ ⊥ (ex I). Thus F (f ) is a trivial cofibration in M [15, Proposition 1.3.13]), where LF is the left derived functor defined on objects by first taking cofibrant replacement and then applying the functor F , and RG is the right derived functor defined on objects by first taking fibrant replacement and then applying the functor G; see [ ⊥ . Then Z ∈ ex P. Moreover, it follows from the exact sequence 0 −→ Kerp −→ Z p −→ Y −→ 0 that Kerp ∈ ex P. Note that p is a trivial fibration, then Kerp ∈ (ex P) ⊥ . Hence, Kerp ∈ P = ex P ∩ (ex P) ⊥ , and Ω(Kerp) is a projective module. We consider the push-out diagram of Ω(Kerp) → Ω(Z) along Ω(Kerp) → I, where I is an injective envelope of Ω(Kerp):
Note that R is left-Gorenstein, then the injective module I is of finite projective dimension. It follows from the exact sequence 0 → Ω(Kerp) → I → L → 0 that L is of finite projective dimension. Then for any complex E ∈ ex I, Hom R (L, E) is also exact. Hence, by [7, Lemma 2.4], we get that every map Λ(L) → E is null homotopic, and then Λ(L) ∈ ⊥ (ex I). From the middle column of the above diagram, we have an exact sequence of complexes: 0 −→ F (Z)
Recall that a complex I ∈ ex I is called totally acyclic (of injectives) if for any injective module M, the complex Hom R (M, I) remains exact. Dually, totally acyclic complex of projectives is defined. We note that over a left-Gorenstein ring, every injective module is of finite projective dimension, hence the category of all totally acyclic complexes of injectives and ex I coincide; the dual for totally acyclic complexes of projectives also holds.
By the completeness of the cotorsion pair ( ⊥ (ex I), ex I), for Λ(I) there is an exact sequence 0 −→ Λ(I) −→ E −→ D −→ 0 with E ∈ ex I and D ∈ ⊥ (ex I). Since every complex in ex I is totally acyclic, we have Λ(I) ∈ ⊥ (ex I), and then E ∈ ex I ∩ ⊥ (ex I). Now we consider the following push-out diagram: the adjoint pair (F, G) . 
Let E be any R-complex in ex I. Since R is left-Gorenstein, E is totally acyclic, and then for any Y i , Hom R (Y i , E) is an exact complex. By [7, Lemma 2.4] , the complex Hom R (Y ❂ , E) is exact. Note that D is an exact sequence, and then Hom R (D, E i ) is an exact complex for any i ∈ Z. By [7, Lemma 2.5], the complex Hom R (D, E) is exact. Then it follows from the short
that the complex Hom R (C, E) is exact. This implies that every map from C to any complex in ex I is null homotopic. Then C ∈ ⊥ ex I. Hence, ε : F G(Y ) → Y is a trivial cofibration in M co sing , and moreover, ε is a weak equivalence.
Recall that a module M is Gorenstein projective if M is a syzygy of a totally acyclic complex of projective modules; and dually, Gorenstein injective modules are defined; see [9] . We use GP to denote the class of Gorenstein projective modules. By [3] , over a left-Gorenstein ring (GP, W) is a complete cotorsion pair, where W is the class of modules with finite projective (injective) dimension. We proved more in [20, Theorem 2.7] by showing that the cotorsion pair (GP, W) is cogenerated by a set, i.e. there exists a set S such that W = {S} ⊥ . This also implies the completeness of (GP, W), and generalizes Hovey's Gorenstein projective model structure of Mod(R) (see [16, Theorem 8.3, 8.6] ) from Iwanaga-Gorenstein rings to left-Gorenstein rings. 
Then there is a short exact sequence of complexes 0 −→ K 0⊃ −→ K −→ K ⊂0 −→ 0. Let T be any complex in ex P. Note that T is totally acyclic. Then it follows from [7, Lemma 2.5] that the complex Hom R (T, K ⊂0 ) is exact, and this implies that K ⊂0 ∈ (ex P) ⊥ . Note that H i (K) = 0 for any i = −1, then K 0⊃ is an exact complex. For any morphism f : T → K 0⊃ , we consider the
Let s i = 0 for any i < 0. Since d K 1 : P 1 → Kerπ is an epic and T 0 is a projective module, there is a map s 0 : T 0 → P 1 such that f 0 = d
, and there exists a map s 1 :
Analogous to comparison theorem, we inductively get homotopy maps {s i } such that f is null homotopic. Then K ⊂0 ∈ (ex P)
⊥ . Thus, we have K ∈ (ex P) ⊥ . Note that for any object in the model category (Ch(R), M ctr sing ), its cofibrant replacement is precisely a special ex P-precover. Then it follows from the short exact sequence 0 → K → P q → G(Y ) → 0 that P is a cofibrant replacement of G(Y ), and we can set QG(Y ) = P .
Note that F (K) = · · · → 0 → W → 0 → · · · . Since W is a module of finite projective dimension, for any complex E ∈ ex I, Hom R (W, E) is exact. This implies that F (K) ∈ ⊥ (ex I). For F (K), there is an exact sequence 0 → F (K) → I → L → 0 with I ∈ ex I and L ∈ ⊥ (ex I). Similar to the above argument, we consider the following push-out diagram:
It follows that F (q) = pi is a weak equivalence in M co sing , where i and p are trivial cofibration and trivial fibration in M co sing , respectively. This completes the proof.
